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EULER-CHOW SERIES FOR SCROLLS AND RULED SURFACES
E. JAVIER ELIZONDO AND ELADIO ESCOBEDO
Abstract. In this article we prove that the Euler-Chow series is rational for ruled surfaces and
scrolls, an explicit computation is obtained.
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1. Introduction
Chow varieties has been of great interest to mathematicians for a long time. However, not much
is known about them. The work of H. Blaine Lawson was a breakthrough in the subject and it had
many implications in the area. But many other aspects of these varieties are still not known.
In this paper we are interested in computing what has been called the Euler-Chow series. Origi-
nally the series came up as a way to compute the Euler characteristic, but later on the series started
to have interesting properties that show that it can be a much more important role to play. The
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first example was done by Blaine Lawson and S.S.T. Yau (see [LY87]). In this case the series was a
formal power series with coefficients the Euler characteristic of Chow varieties in the n-projective
space.
In this same idea the series was formalized and computed for all dimensions for simplicial pro-
jective toric varieties in a paper in Compositio by Elizondo (see [Eli94]). The rationality of the
series was proved and computed directly from the fan associated to the toric variety.
In the the paper of Elizondo and Lima-Filho (see [EL98]), it is observed that if the Picard group
of a projective variety is isomorphic to the integer numbers the series is the Hilbert series. In some
way it generalized it. There were other interested observation made there that started showing
that the series was in a way generalizing other series of interest in algebraic geometry.
Elizondo an K. Kimura ([EK12]) introduce the motivic version: Instead of taking the Euler-
characteristic as the coefficients of the series, they take the pure motive of the Chow varieties. This
series generalizes, for dimension zero, the Weil Zeta series and other important series that were
studied, like the one by Kapranov.
Finally, there is a strong relation between the Cox ring and the Euler-Chow series. The series is
irrational for a family of varieties where the Cox ring is not noetherian. There is a conjecture and
more results of the relation between Cox ring and the series in the paper of Xi Chen and E. Javier
Elizondo [CE]
In this paper we compute the series for ruled surfaces and normal rational scrolls. Since we
give an explicit generating function for the series, we are computing the Euler characteristic of the
Chow varieties for this varieties. This is the first time that the series is computed in codimension
one where the Picard group is not discrete. However the computation shows that the series behave
quite well, the formulas that are obtained are quite natural if we compare with the previos cases,
like Hirzebruch surfaces.
First, let us give a definition for the Euler-Chow series. Let X be a projective variety, and let
M be the monoid of algebraic homological classes in H2p(X,Z). Let Cλ(X) be the Chow variety
of all effective cycles with homology class λ. We define the homological Euler-Chow series as
(1) Ep(X) =
∑
λ∈M
χ(Cλ(X)) · t
λ
We have that Ep(X) is a function from M to Z, sending λ to χ(Cλ), in other works it lives in the
monoid ring Z[M ] := ZM . Compare with definition 2.10
Ruled surfaces and scrolls are defined as the projectivization of certain line bundles. We want
to express the series of the total space in terms of Euler-Chow series of the bundles involved. In
order to do that, we need to write the above definition of the series in a more general setting and
define products of series living in different rings. This is done in section two following the paper
of Elizondo and Lima-Filho [EL98]. We can say that it is the algebraic version of the homological
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version of the series defined above in (1). The algebraic version of the series takes the sum over the
path-connected components of the monoid of p-effective cycles on X. In this paper the Euler-Chow
series will be the algebraic version that appears in definition 2.10.
Section three is dedicate to compute and prove the following theorem.
Theorem 1.1. Let X be a ruled surface over curve C, then its Euler-Chow series are given by
E0(X) =
(
1
1− t
)χ(X)
=
(
1
1− t
)4−4g
,
E1(X) =
(
1
1− t0
)2−2g ( 1
1− t1
)(
1
1− t−e0 t1
)
,
E2(X) =
1
1− t
.
Section four is dedicated to prove a formula that express the Euler-Chow series of the pro-
jectivization of a finite sum of vector bundles over a variety in terms of the Euler-Chow series of
products of these vector bundles and the Euler-Chow series of each vector bundle. The terminology
and technical details are given there. The main theorem is
Theorem 1.2. Let E1, E2 y E3 be vector bundles over a complex projective variety W , of ranks
e1, e2 y e3, respectively, with 2 ≤ p ≤ e1 + e2 + e3 − 1. Then the p-th Euler-Chow series of
P(E1 ⊕ E2 ⊕ E3) is given by
Ep(P(E1 ⊕ E2 ⊕ E3)) = Ψp#


Ep−2(P(E1)×W P(E2)×W P(E3))⊙ Ep−1(P(E1)×W P(E2))
⊙Ep−1(P(E1)×W P(E3))⊙ Ep−1(P(E2)×W P(E3))
⊙Ep(P(E1))⊙ Ep(P(E2))⊙ Ep(P(E3))

 .
Where the product ⊙ is defined in definition 2.4. The generalization of this theorem for a finite
sum follows directly and we write this down in theorem 4.2 in page 15.
Section five is dedicated to compute the Euler-Chow series for normal rational scrolls. Our main
result is Corollary 5.2 in page 17. At the end we compute an example.
2. Preliminaries
In this section we recall constructions and definitions that were introduced in Elizondo and Lima-
Filho [EL98]. We omite the proofs of the theorems and refer to the reader to the original paper for
them.
Let M be an abelian monoid M , we denote its multiplication by ∗M : M ×M −→ M , and the
additive operation by + : M ×M −→ M . We say that M has finite multiplication if ∗M has
finite fibers.
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Definition 2.1. Given a monoid with finite multiplication M , and a commutative ring S, denote
by SM the set of all functions from M to S. If f and F ′ are elements in SM , let f + f ′ ∈ SM be
defined by pointwise addition, i.e. (f + f ′)(m) = f(m) + f ′(m). Define the product f ∗ f ′ ∈ SM
as the “convolution” (
f ∗ f ′
)
(m) =
∑
a∗M b=m
f(a)f ′(b).
It is easy to see that SM then becomes a commutative ring with unity, under these operations.
Definition 2.2. Given a monoid morphism Ψ :M −→ N , f ∈ SM and g ∈ SN , define Ψ♯g ∈ SM
and Ψ♯f ∈ S
N by (
Ψ♯g
)
(m) = g(Ψ(m))
and
(Ψ♯f) (n) =
∑
m∈Ψ−1(n)
f(m)
if Ψ has finite fibers.
Proposition 2.3. Let M and N be monoids with finite multiplication, and let Ψ : M −→ N be a
monoid morphism. Then
(1) The pull-back map Ψ♯ : SN −→ SM is an S-module homomorphism.
(2) If Ψ has finite fibers then the push-forward map Ψ♯ : S
M −→ SN is a morphism of S-
algebras.
(3) Any ring homomorphism Ψ : S −→ S′ induces a ring homomorphism Ψ∗ : S
M −→ S′M .
The last operation we need to introduce is the following exterior product.
Definition 2.4. Given monoids M and N , and a commutative ring S, one can define a map
⊙ : SM ⊗S S
N → SM×N . This map sends f ⊗ g to the function f ⊙ g ∈ SM×N which assigns to
(m,n) the element f(m)g(n) ∈ S.
Proposition 2.5. The operation ⊙ is bilinear and associative. In other words, the following
diagram commutes:
(SM ⊗S S
N )⊗S S
P
∼=
//
⊙ ⊗ 1vv♠♠♠
♠♠♠
♠♠♠
♠♠♠
SM ⊗S (S
N ⊗S S
P )
1 ⊗ ⊙
((P
PPP
PPP
PPP
PP
SM×N ⊗S S
P
⊙
++❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳
SM ⊗ SN×P
⊙
ss❢❢❢❢
❢❢❢❢
❢❢❢❢
❢❢❢❢
❢❢❢❢
❢❢❢❢
❢❢
SM×N×P
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2.1. The Euler-Chow series of projective varieties. Let X be a projective algebraic variety
over C, and let p be an integer such that 0 ≤ p ≤ dimX. The Chow monoid Cp
(
X
)
of effective
p-cycles on X is the free monoid generated by the irreducible p-dimensional subvarieties of X. It
is known that Cp
(
X
)
can be written as a countable disjoint union of projective algebraic varieties
Cp,α (X), the so-called Chow varieties. We summarize, in the following statements, a few basic
properties of the Chow monoids and varieties.
Properties 2.6. Let X be a projective variety, and fix 0 ≤ p ≤ dimX.
(1) The disjoint union topology on Cp
(
X
)
, induced by the classical topology on the Chow
varieties, is independent of the projective embedding of X; cf. [Hoy66].
(2) The restriction of the monoid addition to products of Chow varieties is an algebraic map;
[Fri91].
(3) An algebraic map f : X → Y between projective varieties (hence a proper map), induces a
natural monoid morphism f∗ : Cp
(
X
)
→ Cp
(
Y
)
which is an algebraic continuous map when
restricted to a Chow variety; cf. [Fri91]. This is the proper push-forward map.
(4) A flat map f : X → Y of relative dimension k, induces a natural monoid morphism
f∗ : Cp
(
Y
)
→ Cp+k
(
X
)
which is an algebraic continuous map when restricted to a Chow
variety; cf. [Fri91]. This is the flat pull-back map.
Definition 2.7.
1. We denote by Πp(X), the monoid pi0(Cp
(
X
)
) of path-components of Cp
(
X
)
. This is the monoid
of “effective algebraic equivalence classes” of effective p-cycles on X. We use the notation a ∼alg+ b
to express that two effective cycles a, b are effectively algebraically equivalent.
2. The group of all algebraic p-cycles on X modulo algebraic equivalence is denoted Ap
(
X
)
, and
the submonoid of Ap
(
X
)
generated by the classes of cycles with non-negative coefficients is denoted
by A≥p
(
X
)
; cf. Fulton [Ful84, §12]. We use the notation a ∼alg b to express that two cycles a, b are
algebraically equivalent.
3. Let c : Cp
(
X
)
−→ H2p(X,Z) be the cycle map into singular homology; cf. [Ful84, §19]. The
image of c is denoted by Mp
(
X
)
.
The following result explains the relation between the monoids above, the proof can be found
in [EL98].
Proposition 2.8.
(1) The Grothendieck group associated to the monoid Πp
(
X
)
is Ap
(
X
)
. In particular, there
is a natural monoid morphism ιp : Πp
(
X
)
→ Ap
(
X
)
which satisfies the universal property
that any monoid morphism f : Πp
(
X
)
→ G, from Πp
(
X
)
into a group G, factors through
Ap
(
X
)
.
(2) The image of ιp is A
≥
p
(
X
)
, and the image of A≥p
(
X
)
under the cycle map is Mp
(
X
)
.
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(3) The monoid surjection ιp : Πp
(
X
)
→ A≥p
(
X
)
induced by ιp is an isomorphism if and only
if Πp
(
X
)
has cancellation law.
(4) Both ιp : Πp
(
X
)
→ A≥p
(
X
)
and cp : A
≥
p
(
X
)
→Mp
(
X
)
are finite monoid morphisms.
The following result is found in Elizondo [Eli94].
Proposition 2.9. Given a complex projective algebraic variety X and 0 ≤ p ≤ dimX, the monoids
Cp
(
X
)
, Πp
(
X
)
, A≥p
(
X
)
and Mp
(
X
)
all have finite multiplication.
Definition 2.10. The (algebraic) p-th Euler-Chow function of X is the function
Ep
(
X
)
: Πp
(
X
)
−→ Z(2)
α 7−→ χ(Cp,α (X)),
which sends α ∈ Πp
(
X
)
to the topological Euler characteristic of Cp,α (X) (in the classical topology).
We associate a variable tα to each α ∈ Πp
(
X
)
and express the p-th Euler-Chow function as a
formal power series
(3) Ep
(
X
)
=
∑
α∈Πp
(
X
)χ (Cp,α (X)) tα.
Remark 2.11.
One could in a similar fashion define the p-th Euler-Chow function mapping either A≥p
(
X
)
or
Mp
(
X
)
to Z. These would simply be the functions ι♯(Ep
(
X
)
) and (cp ◦ ιp)♯(Ep
(
X
)
); cf. Defini-
tion 2.2.
Example 2.12.
1. If X is a connected variety, then C0
(
X
)
=
∐
d∈Z+
SPd(X), where SPd(X) is the d-fold symmetric
product of X. Therefore, the 0-th Euler-Chow function is given by
E0
(
X
)
=
∑
d≥0
χ(SPd(X)) t
d =
(
1
1− t
)χ(X)
,
according to McDonald’s formula [Mac62].
2. For X = Pn, one has Πp
(
P
n
)
∼= Z+, with the isomorphism given by the degree of the cycles. In
this case, the p-th Euler-Chow function was computed in [LY87]:
Ep
(
P
n
)
=
∑
d≥0
χ(Cp,d (P
n)) td =
(
1
1− t
)(n+1p+1)
.
3. Suppose thatX is an n-dimensional variety such that Pic(X) ∼= Z, generated by a very ample line
bundle L. Then, Πn−1
(
X
)
∼= Z+ and En−1
(
X
)
is precisely the Hilbert function for the projective
embedding of X induced by L.
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2.2. Projective bundle formulas. In this section we exhibit a formula for the Euler-Chow func-
tion of certain projective bundles over a variety W . The basic setup is as follow. Consider two
algebraic vector bundles E1 →W and E2 →W over a complex projective variety W . The various
maps involved in our discussion are displayed in the commutative diagram below:
(4) P
(
E1
)   i1 //
p1
&&▼
▼▼
▼▼
▼▼
▼▼
▼▼
P
(
E1 ⊕ E2
)
q

P
(
E2
)
? _
i2
oo
p2
xxqq
qq
qq
qq
qq
q
W
where p1, p2 and q are projections from the indicated projective bundles, and i1, i2 are the canonical
inclusions.
We introduce a monoid monomorphim tp : Cp−1
(
P
(
E1
)
×W P
(
E2
))
−→ Cp
(
P
(
E1 ⊕E2
))
which is
a closed inclusion.
Let L1 and L2 denote the tautological line bundles OE1(−1) and OE2(−1) over P
(
E1
)
and P
(
E2
)
,
respectively, and let pi1 and pi2 denote the respective projections from P
(
E1
)
×W P
(
E2
)
onto P
(
E1
)
and P
(
E2
)
. The P1-bundle pi : P
(
pi∗1(L1) ⊕ pi
∗
2(L2)
)
→ P
(
E1
)
×W P
(
E2
)
is precisely the blow-up of
P
(
E1 ⊕ E2
)
along P
(
E1
)
∐ P
(
E2
)
, which we denote by Q, for short; see Lascou and Scott [LS75]
for details. Let b : Q→ P
(
E1 ⊕ E2
)
denote the blow-up map.
Since pi is a flat map of relative dimension 1, and b is a proper map, one has two algebraic
continuous homomorphisms (cf. 2.6), given by the flat pull-back
(5) pi∗ : Cp−1
(
P
(
E1
)
×W P
(
E2
))
→ Cp
(
Q
)
and the proper push-forward
(6) b∗ : Cp
(
Q
)
→ Cp
(
P
(
E1 ⊕ E2
))
.
Definition 2.13. The map tp : Cp−1
(
P
(
E1
)
×W P
(
E2
))
→ Cp
(
P
(
E1 ⊕ E2
))
is defined as the com-
position tp = b∗ ◦ pi
∗.
In this way we become equipped with three morphisms of monoids with finite multiplication:
(7) i1p : Πp
(
P
(
E1
))
−→ Πp
(
P
(
E1 ⊕ E2
))
induced by i1,
(8) i2p : Πp
(
E2
)
−→ Πp
(
P
(
E1 ⊕ E2
))
induced by i2, and
(9) ϕp : Πp−1
(
P
(
E1
)
×W P
(
E2
))
−→ Πp
(
P
(
E1 ⊕ E2
))
induced by tp.
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These three maps induce a morphism (with finite fibers)
(10) Ψp : Πp−1
(
P
(
E1
)
×W P
(
E2
))
×Πp
(
P
(
E1
))
×Πp
(
P
(
E2
))
−→ Πp
(
P
(
E1 ⊕ E2
))
,
by sending (a, b, c) to Ψp(a, b, c) = ϕp(a) + i1p(b) + i2p(c).
The following result that appear in [EL98] will be needed and we will be going to be generalized.
Theorem 2.14. [EL98, Theorem 5.1] Let E1 and E2 be algebraic vector bundles over a connected
projective variety W , of ranks e1 and e2, respectively, and let 0 ≤ p ≤ e1 + e2 − 1. Then the p-th
Euler-Chow function of P
(
E1 ⊕ E2
)
is given by
(11) Ep
(
P
(
E1 ⊕ E2
))
= Ψp♯
(
Ep−1
(
P
(
E1
)
×W P
(
E2
))
⊙ Ep
(
P
(
E1
))
⊙ Ep
(
P
(
E2
)) )
.
Corollary 2.15. [EL98, Corollary 5.7] Let E be a line bundle over W which is generated by its
global sections. Then the homomorphism
Ψp : Πp−1
(
W
)
⊕Πp
(
W
)
⊕Πp
(
W
)
→ Πp
(
P
(
E ⊕ 1
))
∼= Πp−1
(
W
)
⊕Πp
(
W
)
sends (α, β, γ) to (α+ β, ξ ∩ γ + α).
Lemma 2.16. [EL98, Lemma 5.4] Let X =
∐
i∈NXi and Y =
∐
j∈N Yj be spaces which are a
countable disjoint union of connected projective varieties, and let f : X → Y be a continuous map
such that the restriction f|Xi
is an algebraic continuous map from Xi into some Yj. If f is a
bijection, then it is a homeomorphism in the classical topology.
3. The Euler-Chow series for ruled surfaces
This section is dedicated to prove theorem 1.1 in page 3. First we prove it for the case of
decomposable ruled surfaces, then we proceed to the case of undecomposable case, and we reduce
the proof in this case to the decomposable situation. To help the reader we write down the theorem
again.
Theorem 1.1. Let E1, E2 y E3 be vector bundles over a complex projective variety W , of ranks
e1, e2 y e3, respectively, with 2 ≤ p ≤ e1 + e2 + e3 − 1. Then the p-th Euler-Chow series of
P(E1 ⊕ E2 ⊕ E3) is given by
Ep(P(E1 ⊕ E2 ⊕ E3)) = Ψp#


Ep−2(P(E1)×W P(E2)×W P(E3))⊙ Ep−1(P(E1)×W P(E2))
⊙Ep−1(P(E1)×W P(E3))⊙ Ep−1(P(E2)×W P(E3))
⊙Ep(P(E1))⊙ Ep(P(E2))⊙ Ep(P(E3))

 .
It is simple to compute E0(X) and E2(X). From [Mac62] we know that
E0(X) =
(
1
1− t
)χ(X)
=
(
1
1− t
)4−4g
EULER-CHOW SERIES FOR SCROLLS AND RULED SURFACES 9
and like a ruled surface is connected of dimension 2, we have
E2(X) =
1
1− t
No we proceed to the proof of theorem 1.1
3.1. Decomposable ruled surfaces.
Proof. Let pi : X ∼= P(E) → C be a ruled surface such that E decompose as the direct sum of
invertible sheaves over C. Por [Har77, V, 2.12 (a)] we have that E ∼= OC⊕L for some L with degL ≤
0. Furthermore e = − degL ≥ 0. Since OC is the trivial line bundle over C we proceed to apply
theorem 2.14. We have
P(OC) ∼= P(L) ∼= P(OC)×C P(L) ∼= C.
Using 2.15 ([EL98, Corollary 5.7]) we obtain that
Ψ1 : Π0(C)×Π1(C)×Π1(C)→ Π1(P(L⊕ OC)) ∼= Π0(C)×Π1(C)
is given by Ψ(α, β, γ) = (ξ ∩ γ + α, β + γ), where ξ = c1
(
OP(OC⊕L)(1)
)
= c1(L(C0)) = C0.
Since γ ∈ Π1(C) and C is a variety of dimension one, we have γ = c[C] = c[C0]. Therefore
ξ ∩ γ = C0.nC0 = −ne.
From here we obtain Ψ1(a, b[C], c[C]) = (a − ce, (b + c)[C]), therefore we can identify Ψ1 by
(a, b, c) 7→ (a− ce, b+ c).
We have H2(P(E)) ∼= Z
2, and for each generator we associate variables t0, t1. We identify
(α0, α1) ∈ Π1(P(E) with t
α0
0 t
α1
1 . We obtain
E1(P(L⊕ OC)) =
∑
α0,α1
E1(P(L⊕ OC))(α0, α1)t
α0
0 t
α1
1
=
∑
α0,α1
Ψ1#(E0(P(L)) ⊙ E1(P(L))⊙ E1(C))(α0, α1)t
α0
0 t
α1
1
=
∑
α0,α1

 ∑
(a,b,c)∈Ψ−1
1
(E0(C)(a) ·E1(C)(b) · E1(C)(c))

 tα00 tα11
=
∑
α0,α1

 ∑
a−ce=α0
b+c=α1
(E0(C)(a) ·E1(C)(b) ·E1(C)(c))

 ta−ce0 tb+c1
=

∑
a≥0
E0(C)(a) · t
a
0



∑
b≥0
E1(C)(b) · t
b
1



∑
c≥0
E1(C)(c) · (t
−e
0 t1)
c

 .
From here we get
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E1(P(L⊕ OC)) =
(
1
1− t0
)2−2g ( 1
1− t1
)(
1
1− t−e0 t1
)

3.2. Undecomposable ruled surfaces.
Proof. As X is a ruled surface over C, we have a map pi : X → C, such that for all y in C we
have Xy = pi
−1(y) ≃ P1. We denote this isomorphism by fy. Let C0 be a section of minimum
self-intersection, i.e. C20 = −e, and let C1 be any other section. For each y ∈ C we can choose fy
such that f−1y (0 : 1) = C1 ∩Xy and f
−1
y (1 : 0) = C0 ∩Xy (unless that C0 ∩Xy = C1 ∩Xy, in which
case we only consider the point (1 : 0)).
We define an action of C∗ on X as follow: For x ∈ X, λ ∈ C∗, we define λ · x = f−1y (λ · fy(x)),
were y = pi(x) and we denote by λ · fy(x) the action of C
∗ on P1 given by λ(a : b) = (a : λb).
It is easy to see that the fixed point set of X under the action is
XC
∗
= C0 ∪ C1 ∪ {p1, . . . , pr} where r = |C0 ∩ C1|.
This action induces an algebraic continuos action on C1(X), and we are interested in identifying
the set of fixed points in this case. Consider the map
φ1 : C0(C)× C1(C)× C1(C)→ C1(X)
defined by φ1(a, b, c) = pi
∗(a) + σ0∗b+ σ1∗c, where σ0 y σ1 are respectively the sections that corre-
spond to C0 and C1 .
We want to prove that φ1 is an homeomorphism on the set of fixed points C1(X)
C∗ .
The invariant irreducible sub-varieties of dimension 1 are C0, C1, in fact, all their points are
fixed under the action, and they are also the fibers of pi (all their general points are in the same
orbit under the action). From this, it is clear that φ1 is injective and surjective over C1(X).
Note that for each α ∈ Π1(X), the set of fixed points C1,α(X)
C∗ is an algebraic subset if C1,α(X)
(not necessarily connected). Then it can be written as the disjoint union of projective varieties.
Therefore, for 2.16 ([EL98, Lemma 4.4]) we conclude that φ1 is an homeomorphism on its image.
We know by [LY87] that the Euler characteristic of an algebraic variety is equal to the Euler
characteristic of its fixed point set. Then we have
χ(C1,α(X)) = χ(C1,α(X)
C∗).
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On the other hand, let Ψ1 be the morphism induced by φ1 between the monoids of the connected
components, then we have
C1,α(X)
C∗ =
∐
(a,b,c)∈Ψ−1
1
(α)
C0,a(C)× C1,b(C)× C1,c(C),
χ(C1,α(X)) =
∑
(a,b,c)∈Ψ−1
1
(α)
χ(C0,a(C)) · χ(C1,b(C)) · χ(C1,c(C)).
Therefore
E1(X) = Ψ1#(E0(C)⊙ E1(C)⊙ E1(C)).
Furthermore we have the following morphism
A(X)
≃
−→ A(P(L(e) ⊕ OC))
nC0 + pi
∗b 7→ nC ′0 + pi
′∗b.
This morphism can be restricted to the effective part and to its pathwise connected components.
Using the results obtained for decomposable ruled surfaces we obtain
E1(X) =
(
1
1− t0
)2−2g ( 1
1− t1
)(
1
1− t−e0 t1
)
.

4. Projective bundle formulas
In order to go to the case of scrolls we need to generalize the theorem 2.14 ([EL98, Theorem 5.1]).
We start by drawing the following diagram.
P(E2)
r R
i2
12
✡✡
✡
✡✡
✡✡
✡
✡✡
✡✡
✡
✡✡
✡
✡✡
✡✡
✡
✡✡
✡✡
✡
 u
i2
23
◗◗◗
◗◗
◗◗
◗◗◗
◗◗
◗◗
◗◗◗
((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
P(E3) _
i323

iI
i3
13
vv♠♠
♠♠♠
♠♠♠
♠♠♠
♠♠
♠♠
♠♠♠
♠♠♠
♠♠♠
♠♠♠
♠♠
♠♠
♠♠♠
♠
P(E1) _
i1
12

 t
i1
13
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
P(E1 ⊕ E3) u
i13
((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗
p13
❉❉
❉❉
❉❉
❉❉
❉❉
!!❉
❉❉
❉❉
❉❉
❉❉
❉
P(E2 ⊕ E3)
iI
i23vv♠♠♠
♠♠♠
♠♠♠
♠♠♠
♠
p23
}}③③
③③
③③
③③
③③
③③
③③
③③
③③
③③
③
P(E1 ⊕ E2)
p12
++❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳
  i12 // P(E1 ⊕ E2 ⊕ E3)
q

W
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Here, E1, E2 y E3 are vector bundles over a complex projective varietyW . We have the following
maps:
ik : P(Ek) → P(E1 ⊕ E2 ⊕E3) (k = 1, 2, 3)
ikl : P(Ek ⊕ El) → P(E1 ⊕ E2 ⊕E3) (k < l, k, l = 1, 2, 3)
pk : P(Ek) → W (k = 1, 2, 3)
pkl : P(Ek ⊕ El) → W (k < l, k, l = 1, 2, 3)
q : P(E1 ⊕ E2 ⊕ E3) → W
tklp : Cp−1(P(Ek)×W P(El)) → Cp(P(Ek ⊕ El)) (k < l, k, l = 1, 2, 3)
tp : Cp−2(P(E1)×W P(E2)×W P(E3)) → Cp(P(E1 ⊕ E2 ⊕ E3))
where p’s and q’s are projections of the respective bundles, and the i’s are the canonical inclusions.
Then we have the following morphisms of monoids with finite multiplication:
ikp : Πp(P(Ek)) → Πp(P(E1 ⊕ E2 ⊕ E3)) (k = 1, 2, 3)
(induced by ik)
iklp : Πp(P(Ek ⊕ El)) → Πp(P(E1 ⊕ E2 ⊕ E3)) (k < l, k, l = 1, 2, 3)
(induced by ikl)
ϕklp : Πp−1(P(Ek)×W P(El)) → Πp(P(Ek ⊕ El)) (k < l, k, l = 1, 2, 3)
(induced by tkl)
ϕp : Πp−2(P(E1)×W P(E2)×W P(E3)) → Πp(P(E1 ⊕ E2 ⊕ E3))
(induced by tp)
Then we have the following induced morphism:
Ψp :


Πp−2(P(E1)×W P(E2)×W P(E3))×Πp−1(P(E1)×W P(E2))
×Πp−1(P(E1)×W P(E3))×Πp−1(P(E2)×W P(E3))
×Πp(P(E1))×Πp(P(E2))×Πp(P(E3))

→ Πp(P(E1 ⊕ E2 ⊕ E3))
Sending (a, b, c, d, e, f, g) to Ψ(a, b, c, d, e, f, g) = ϕp(a)+i12p◦ϕ12p(b)+i13p◦ϕ13p(c)+i23p◦ϕ23p(d)+
i1p(e) + i2p(f) + i3p(g).
Now we proceed to define the following maps tklp y tp. Denote by L1, L2 and L3 the lineal
tautological bundles OE1(−1), OE2(−1) and OE3(−1) over P(E1), P(E2) and P(E3), respectively
and let pi1, pi2 and pi3 be the respectively projections P(E1⊕E2⊕E3). The P
2-bundle pi : P(pi∗1(L1)⊕
pi∗2(L2)⊕pi
∗
3(L3))→ P(E1)×W P(E2)×W P(E3) is the blow-up of P(E1⊕E2⊕E3) on P(E1⊕E2)∪
P(E1 ⊕ E3) ∪ P(E2 ⊕ E3), which we denote by Q . Let b : Q → P(E1 ⊕ E2 ⊕ E3) be the blow-up
map.
Since pi is a flat map of relative dimension 2, and b is a proper map, we have two algebraic continuous
homomorphisms given by the flat pull-back
pi∗ : Cp−2(P(E1)×W P(E2)×W P(E3))→ Cp(Q)
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and the proper push-forward
b∗ : Cp(Q)→ Cp(P(E1 ⊕E2 ⊕ E3)).
In the same way, for k < l, k, l = 1, 2, 3, we denote by piklk y pi
kl
l the respectively projections of
P(Ek)×W P(El) on P(Ek) y P(El). The P
1-bundle pikl : P(pi
kl∗
k (Lk)⊕ pi
kl∗
l (Ll))→ P(Ek ×W P(El))
is precisely the blow-up of P(Ek ⊕ El) on P(Ek)
∐
P(El), which we denote by Qkl. Let bkl : Qkl →
P(Ek ⊕ El) be the blow-up map.
Since pikl is a flat map of relative dimension 1, and bkl is a proper map, we have two continuous
homomorphisms gien by the flat pull-back
pi∗kl : Cp−1(P(Ek)×W P(El))→ Cp(Qkl)
and the proper push-forward
bkl∗ : Cp(Qkl)→ Cp(P(Ek ⊕ El)).
Definition 4.1. The maps tp y tklp are defined as the following compositions tp = b∗◦pi
∗ and tklp =
bkl∗ ◦ pi
∗
kl.
Now we prove the main result in this section, Theorem 1.2 in page 3. We write down the theorem
again to make easier the lecture.
Theorem 1.2. Let E1, E2 y E3 be vector bundles over a complex projective variety W , of ranks
e1, e2 y e3, respectively, with 2 ≤ p ≤ e1 + e2 + e3 − 1. Then the p-th Euler-Chow series of
P(E1 ⊕ E2 ⊕ E3) is given by
Ep(P(E1 ⊕ E2 ⊕ E3)) = Ψp#


Ep−2(P(E1)×W P(E2)×W P(E3))⊙ Ep−1(P(E1)×W P(E2))
⊙Ep−1(P(E1)×W P(E3))⊙ Ep−1(P(E2)×W P(E3))
⊙Ep(P(E1))⊙ Ep(P(E2))⊙ Ep(P(E3))

 .
Proof. Consider the action (C∗)2 on P(E1 ⊕ E2 ⊕ E3) given by taking the product of each scalar
with two of the factors of E1 ⊕ E2 ⊕ E3. The set of fixed points of P(E1 ⊕ E2 ⊕ E3)
(C∗)2 is
P(E1)
∐
P(E2)
∐
P(E3). This action induces a continuous algebraic action on Cp(P(E1⊕E2⊕E3));
our next step is to identify its fixed points set. Consider the map
ψp :


Cp−2(P(E1)×W P(E2)×W P(E3))× Cp−1(P(E1)×W P(E2))
×Cp−1(P(E1)×W P(E3))× Cp−1(P(E2)×W P(E3))
×Cp(P(E1))× Cp(P(E2))× Cp(P(E3))

→ Cp(P(E1 ⊕ E2 ⊕E3))
defined by ψ(a, b, c, d, e, f, g) = tp(a)+ i12p ◦t12p(b)+ i13p ◦t13p(c)+ i23p ◦t23p(d)+ i1∗(e)+ i2∗(f)+
i3∗(g).
It is proven that ψp is a homeomorphism in the set of fixed points. (Cp(P(E1 ⊕ E2 ⊕ E3)))
(C∗)2 .
If an element σ =
∑
i niVi ∈ Cp(P(E1 ⊕E2 ⊕E3) is fixed by the action, then each of its irreducible
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components must be invariant under the action. Furthermore, an irreducible invariant variety
V ⊂ P(E1 ⊕ E2 ⊕ E3) can be of three types:
(1) Those whose general points are fixed under the action and therefore all the points of V are
fixed.
(2) Those whose general points have non-trivial orbits of dimension 1.
(3) Those whose general points have non-trivial orbits of dimension 2.
The Chow monoids Cp(X) of a variety X are free generated from the irreducible subvarieties
of dimension p of X. Given cycles σk ∈ Cp(P(Ek)), k = 1, 2, 3, the support of ik∗ is contained in
P(Ek), from this, the images of Cp(E1),Cp(E2) and Cp(E3) under i1, i2 and i3 are freely generated
by the disjoint subset of the set of generators of Cp(P(E1⊕E2⊕E3), which are varieties of the first
type.
In the other hand, the support of ikl∗ is contained in P(Ek⊕El), k, l = 1, 2, 3 with k ≤ l, then the
image of P(Ek⊕El) is freely generated by disjoint subset of the set of generators Cp(P(E1⊕E2⊕E3),
and since the restriction of the action to P(Ek ⊕ El) coincides with the action of C
∗, we have that
the elements of these set are of type 1 and 2, ([EL98]).
Since the irreducible varieties of type 1 that are contained in the image of ikl∗ coincide with some
of the ones mentioned in the last paragraph, it only rest to see how are the ones of type 2. But
these are of the form ikl∗ ◦ tklp(Z) for some (p − 1)-dimensional variety of P(Ek)×W P(El) by the
proof of Theorem 2.14 in ([EL98]).
Now, given a (p − 2)-dimensional subvariety Z of P(E1) ×W P(E2) ×W P(E3) we have that the
inverse image pi−1(Z) is a p-dimensional subvariety of Q, whose points out of the exceptional divisor
of the blow-up map b have irreducible orbits of dimension 2. Since b is a (C∗)2-equivariant birational
map, we have that the image b(pi−1(Z)) is an irreducible subvariety of P(E1 ⊕E2 ⊕ E3) of type 3.
From this we obtain that the images of ii∗, i2∗, i3∗, i12∗ ◦ t12, i13∗ ◦ t13p, i23∗ ◦ t23p, tp are generated
freely by the disjoint subsets of the generators of (Cp(P(E1⊕E2⊕E3))
(C∗)2 , therefor ψp is injective.
In order to prove the surjectivity we only need to show that all invariant irreducible subvarieties
V ⊂ P(E1 ⊕ E2 ⊕E3) of type 3 are of the form b(pi
−1(Z)) for some subvariety (p− 2)-dimensional
of P(E1) ×W P(E2)×W P(E3); The rest of the cases are consequence of the proof of theorem 2.14
in [EL98, Theorem 5.1].
Let V˜ ⊂ Q be the proper transform of V under b, and define Z := pi(V˜ ) ⊂ P(E1)×W P(E2)×W
P(E3). The general points of V gave orbits of dimension 2, then the general points of V˜ also have
dimension 2, this shows that the general fibre of piV˜ : V˜ → Z has dimension 2. In particular we
have that V˜ = pi−1(Z) and since pi |V˜ is a projective bundle, and b is a birational maps from V˜ to
V , we conclude that tp(Z) = b∗ ◦ pi
∗(Z) = V .
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The last reasoning shows that ψp is a continuous algebraic bijection from its domain to the set
of fixed points (Cp(P(E1⊕E2⊕E3))
(C∗)2 . Observe that for each α ∈
∏
p (P(E1 ⊕ E2 ⊕ E3)) the set
of fixed points (Cp,α(P(E1 ⊕ E2 ⊕ E3))
(C∗)2 is an algebraic subset of (Cp,α(P(E1 ⊕ E2 ⊕ E3)) (not
necessary connected), from here we can also write it as a countable disjoint union of projective
varieties. Then we use Lemma 2.16 (Lemma 5.4 in [EL98]) to obtain that ψp is a homeomorphism
onto its image.
It is a general known result that the Euler characteristic of a variety with an algebraic torus
action is equal to the Euler characteristic of the fixed points set (for example see Lawson and Yau
[LY87]). Therefore, given α ∈
∏
p ((P(E1 ⊕ E2 ⊕ E3)), it follows that
χ (Cp,α(P(E1 ⊕ E2 ⊕ E3))) = χ
(
Cp,α(P(E1 ⊕ E2 ⊕ E3))
(C∗)2
)
.
In the other hand, if Ψp is the induced morphism by ψp between the connected components of the
monoids, then
Cp,α(P(E1 ⊕ E2 ⊕ E3))
(C∗)2 =
∏
(a,b,c,d,e,f,g)∈Ψ−1p (α)


Cp−2,a(P(E1)×W P(E2)×W P(E3))× Cp−1,b(P(E1)×W P(E2))
×Cp−1,c(P(E1)×W P(E3))× Cp−1,d(P(E2)×W P(E3))
×Cp,e(P(E1))× Cp,f(P(E2))× Cp,g(P(E3))


since ψp is a homeomorphism onto its image. We take the Euler characteristic in both sides and
the theorem is proven. 
The following theorem can be proved in similar way
Theorem 4.2. Let Ei, i = 1, . . . , n, vector bundles over a complex projective variety W of ranks
ei, respectively, and we assume that n − 1 ≤ p ≤ e1 + e2 + e3 − 1. Then, the p-th Euler-Chow
function of P(
⊕n
i=1Ei) is given by
Ep(P(
⊕n
i=1Ei)) =
Ψp# (Ep−n+1(×
n
i=1P(Ei))⊙
(
⊙ni=1Ep−n+2(×
n
j=1,ˆi
P(Ej))
)
⊙ · · · ⊙ (⊙ni=1Ep(P(Ei)))
)
.
5. The Euler-Chow series for normal rational scrolls
Let E1, E3 be line bundles over a projective variety W , and let E2 = 1 be the trivial line bundle.
In this case we have
W = P(E1) = P(E2) = P(E3)
= P(E1)×W P(E2) = P(E1)×W P(E3) = P(E2)×W P(E3)
= P(E1)×W P(E2)×W P(E3),
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and the inclusion ik : P(Ek) → P(E1 ⊕ E2 ⊕ E3), k = 1, 2, 3, are sections of the projective bundle
P(E1 ⊕ E2 ⊕ E3) over W .
We write ξ = c1(OP(E1⊕E2⊕E3)(1)) and ξ
′ = c1(OP(E1⊕1 )(1)). We have the following isomorphism
(12)
T : Ap−2(W )⊕ Ap−1(W )⊕ Ap(W ) → Ap(P(E1 ⊕ E2 ⊕ E3))
(α,b, γ) 7→ q∗α+ ξ ∩ q∗b+ ξ2 ∩ q∗γ
= q∗α+ i12∗p
∗
12b+ i1∗p
∗
1
γ,
since
ξ2 ∩ q∗γ = ξ ∩ i12∗p
∗
12γ = i12∗(ξ
′ ∩ p∗12γ)
= i∗12(i
′
1∗p
∗
1γ) = i1∗p1∗γ
Therefore this isomorphim is equal to the composition
Ap−2(W )⊕Ap−1(W )⊕ Ap(W )→ Ap−2(W )⊕ Ap(P(E1 ⊕ E2))→ Ap(P(E1 ⊕ E2 ⊕ E3)).
This isomorphism restrict to an injection
T≥ : A≥p−2(W )⊕ A
≥
p−1(W )⊕ A
≥
p (W )→ A
≥
p (P(E1 ⊕ E2 ⊕ E3)).
Lemma 5.1.
• The injection T≥ is an isomorphism.
• If Π∗(W ) are monoids with cancelation law for all ∗, then so are Π∗(P(E1 ⊕ E2 ⊕ E3)).
Equivalently, if the natural surjective maps Πp(W )→ A
≥
p (P(E1⊕E2⊕E3)) are isomorphisms
for all p, then the following surjective maps are also isomorphisms Πp(P(E1⊕E2⊕E3))→
A
≥
p (P(E1 ⊕ E2 ⊕ E3)).
Proof.
• All effective p-cycle a′ is algebraic and effectively equivalent to a cycles of the form
q∗(a) + i12∗p
∗
12(b) + i13∗p
∗
13(c) + i23∗p
∗
23(d) + i1∗(e) + i2∗(f) + i3∗(g)
with a ∈ Cp−2(W ), b, c, d ∈ Cp−1(W ), e, f, g ∈ Cp(W ).
We have
i2∗(f) = i12∗ ◦ i
′
2∗
≡ i12∗(i
′
1∗(f) + p
∗
12(Z
′
∩ f))
= i12∗ ◦ i
′
1∗(f) + i12∗ ◦ p
∗
12(Z
′
∩ f)
= i1∗(f) + i12∗p
∗
12(Z
′
∩ f).
In a similar form we obtain
i3∗(g) ≡ i1∗(g) + i12∗p
∗
12(Z
′
∩ g).
Since E1 is generated by its sections, we can find a section s :W → E1 whose zero locus
Z ⊂ W intersects properly to c. Let s˜ : W → P(E1 ⊕ 1 ⊕ E3) be the composition ι ◦ s,
EULER-CHOW SERIES FOR SCROLLS AND RULED SURFACES 17
where ι : E1 → P(E1 ⊕ 1 ⊕ E3) is the open inclusion. Then, the closure of the orbit of s˜∗c
contains two fixed points: i12∗ ◦p
∗
12(c)+q
∗(Z∩c) and i13∗ ◦p
∗
13(c). Similarly for i23∗ ◦p
∗
23(d).
Then
a′ ≡alg+ q
∗(a+ Z ∩ c+ Z ∩ d) + i12∗ ◦ p
∗
12(b+ c+ d+ Z
′
∩ f + Z
′
∩ g) + i1∗(e+ f + g).
This proves the surjectivity of T≥.
• The injectivity is proven in the same way than the way was done in ([EL98][Lemma 5.6]).

Corollary 5.2. Under the same hypothesis, the homomorphism
Ψp :


Πp−2(P(E1)×W P(E2)×W P(E3))×
Πp−1(P(E1)×W P(E2))×Πp−1(P(E1)×W P(E3))×
Πp−1(P(E2)×W P(E3))×
Πp(P(E1))×Πp(P(E2))×Πp(P(E3))


→ Πp(P(E1 ⊕ 1 ⊕ E3))
≃ Πp−2(W )⊕Πp−1(W )⊕Πp(W )
sends (a, b, c, d, e, f, g) in (a+ ξ ∩ c+ ξ ∩ d, b+ c+ d+ ξ
′
∩ f + ξ
′
∩ g, e+ f + g).
Example 5.3.
W = P1, E1 = OP1(h) with h ≥ 0, E2 = E3 = 1 .
We have
Ψp(a[P
p−2], b[Pp−1], c[Pp−1], d[Pp−1], e[Pp], f [Pp], g[Pp])
= ((a+ h · c+ h · d)[Pp−2], (b+ c+ d+ h · f + h · g)[Pp−1], (e + f + g)[Pp])
Therefore
Ep(P(OP1(h)⊕ 1 ⊕ 1 )) =
(
1
1−t0
)(n+1p−1) ( 1
1−t1
)(n+1p ) ( 1
1−t2
)(n+1p+1)( 1
1−t−h
0
t1
)2(n+1p )(
1
1−t−h
1
t2
)2(n+1p+1)
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